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Abstrat
We give an introdution to an algebrai onstrution of a gravity theory on
nonommutative spaes whih is based on a deformed algebra of (innitesimal)
dieomorphisms. We start with some fundamental ideas and onepts of non-
ommutative spaes. Then the θ-deformation of dieomorphisms is studied
and a tensor alulus is dened. A deformed Einstein-Hilbert ation invariant
with respet to deformed dieomorphisms is given. Finally, all nonommu-
tative elds are expressed in terms of their ommutative ounterparts up to
seond order of the deformation parameter using the ⋆-produt. This allows to
study expliitly deviations to Einstein's gravity theory in orders of θ. This le-
ture is based on joined work with P. Ashieri, C. Blohmann, M. Dimitrijevi¢,
P. Shupp and J. Wess.
Based on talks given at the First Modave Summer Shool in Mathematial Physis,
June 2005, Modave (Belgium); HEP 2005, July 2005, Lisboa (Portugal);
XXVIII Spanish Relativity Meeting, September 2005, Oviedo (Spain)
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1 Nonommutative Spaes
In eld theories one usually onsiders dierential spae-time manifolds. In the non-
ommutative realm, the notion of a point is no longer well-dened and we have to
give up the onept of dierentiable manifolds. However, the spae of funtions on
a manifold is an algebra. A generalization of this algebra an be onsidered in the
nonommutative ase. We take the algebra freely generated by the nonommutative
oordinates xˆi whih respets ommutation relations of the type
[xˆµ, xˆν ] = Cµν(xˆ) 6= 0 . (1)
Without bothering about onvergene, we take the spae of formal power series in
the oordinates xˆi and divide by the ideal generated by the above relations
Âxˆ = C〈〈xˆ
0, . . . , xˆn〉〉/([xˆµ, xˆν ]− Cµν(xˆ)) .
The funtion Cµν(xˆ) is unknown. For physial reasons it should be a funtion that
vanishes at large distanes where we experiene the ommutative world and may be
determined by experiments. Nevertheless, one an onsider a power-series expansion
Cµν(xˆ) = iθµν + iCµνρxˆ
ρ + (qRˆµνρσ − δ
ν
ρδ
µ
σ)xˆ
ρxˆσ + . . . ,
where θµν , Cµνρ and qRˆ
µν
ρσ are onstants, and study ases where the ommutation
relations are onstant, linear or quadrati in the oordinates. At very short distanes
those ases provide a reasonable approximation for Cµν(xˆ) and lead to the following
three strutures
2
1. anonial or θ-deformed ase:
[xˆµ, xˆν ] = iθµν . (2)
2. Lie algebra ase:
[xˆµ, xˆν ] = iCµνρxˆ
ρ. (3)
3. Quantum Spaes:
xˆµxˆν = qRˆµνρσxˆ
ρxˆσ. (4)
We denote the algebra generated by nonommutative oordinates xˆµ whih are sub-
jet to the relations (2) by Aˆ. We shall often all it the algebra of nonommutative
funtions. Commutative funtions will be denoted by A. In what follows we will ex-
lusively onsider the θ-deformed ase (2) but we note that the algebrai onstrution
presented here an be generalized to more ompliated nonommutative strutures
of the above type whih possess the Poinaré-Birkho-Witt (PBW) property. The
PBW-property states that the spae of polynomials in nonommutative oordinates
of a given degree is isomorphi to the spae of polynomials in the ommutative o-
ordinates. Suh an isomorphism between polynomials of a xed degree is given by
an ordering presription. One example is the symmetri ordering (or Weyl-ordering)
W whih assigns to any monomial the totally symmetri ordered monomial
W : A → Aˆ
xµ 7→ xˆµ (5)
xµxν 7→
1
2
(xˆµxˆν + xˆν xˆµ)
· · · .
To study the dynamis of elds we need a dierential alulus on the nonom-
mutative algebra Aˆ. Derivatives are maps on the deformed oordinate spae [1℄
∂ˆµ : Aˆ → Aˆ .
This means that they have to be onsistent with the ommutation relations of the
oordinates. In the θ-onstant ase a onsistent dierential alulus an be dened
very easily by
1
[∂ˆµ, xˆ
ν ] = δνµ (∂ˆµxˆ
ν) = δνµ
[∂ˆµ, ∂ˆν ] = 0. (6)
1
We use brakets to distinguish the ation of a dierential operator from the multipliation in
the algebra of dierential operators.
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It is the fully undeformed dierential alulus. The above denitions yield the usual
Leibniz-rule for the derivatives ∂ˆµ
(∂ˆµfˆ gˆ) = (∂ˆµfˆ)gˆ + fˆ(∂ˆµgˆ). (7)
This is a speial feature of the fat that θµν are onstants. In the more ompliated
examples of nonommutative strutures this undeformed Leibniz-rule usually annot
be preserved but one has to onsider deformed Leibniz-rules for the derivatives [2℄.
Note that (6) also implies that
(∂ˆµfˆ) = (̂∂µf). (8)
The Weyl ordering (5) an be formally implemented by the map
f 7→W (f) =
1
(2π)
n
2
∫
dnk eikµxˆ
µ
f˜(k)
where f˜ is the Fourier transform of f
f˜(k) =
1
(2π)
n
2
∫
dnx e−ikµx
µ
f(x).
This is due to the fat that the exponential is a fully symmetri funtion. Using the
Baker-Campbell-Hausdor formula one nds
eikµxˆ
µ
eipν xˆ
ν
= ei(kµ+pµ)xˆ
µ−
i
2
kµθ
µνpν . (9)
This immediately leads to the following observation
fˆ gˆ = W (f)W (g) =
1
(2π)n
∫
dnkdnp eikµxˆ
µ
eipν xˆ
ν
f˜(k)g˜(p)
=
1
(2π)n
∫
dnkdnp ei(kµ+pµ)xˆ
µ
e−
i
2
kµθ
µνpν f˜(k)g˜(p)
= W (µ ◦ e
i
2
θµν∂µ⊗∂νf ⊗ g), (10)
where µ(f ⊗ g) := fg is the multipliation map. With (8) we dedue from (10) the
equation
µ ◦ e−
i
2
θµν ∂ˆµ⊗∂ˆν fˆ ⊗ gˆ = f̂ g. (11)
The above formula shows us how the ommutative and the nonommutative produt
are related. It will be important for us later on.
4
2 Symmetries on Deformed Spaes
In general the ommutation relations (1) are not ovariant with respet to unde-
formed symmetries. For example the anonial ommutation relations (2) break
Lorentz symmetry if we assume that the nonommutativity parameters θµν do not
transform.
The question arises whether we an deform the symmetry in suh a way that it
ats onsistently on the deformed spae (i.e. leaves the deformed spae invariant)
and suh that it redues to the undeformed symmetry in the ommutative limit. The
answer is yes: Lie algebras an be deformed in the ategory of Hopf algebras (Hopf
algebras oming from a Lie algebra are also alled Quantum Groups)
2
. Important
examples of suh deformations are q-deformations: Drinfeld and Jimbo have shown
that there exists a q-deformation of the universal enveloping algebra of an arbitrary
semisimple Lie algebra
3
. Module algebras of this q-deformed universal enveloping
algebras are nonommutative spaes with ommutation relations of type (4). There
exists also a so-alled κ-deformation of the Poinaré algebra [3, 4℄ whih leads to a
nonommutative spae of the Lie type (3). A Hopf algebra symmetry ating on the
θ-deformed spae was for a long time unknown. But reently also a θ-deformation
of the Poinaré algebra leading to the algebra (2) was onstruted [58℄.
Quantum group symmetries lead to new features of eld theories on nonom-
mutative spaes. Beause of its simpliity, θ-deformed spaes are very well-suited
to study those. First results on the onsequenes of the θ-deformed Poinaré alge-
bra have already been obtained [6, 8℄. However, it remains unknown and subjet of
future investigations in whih preise way this reently disovered quantum group
symmetry restrits the degrees of freedom of the nonommutative eld theory.
In the following we will onstrut expliitly a θ-deformed version of dieomor-
phisms whih onsistently at on the nonommutative spae (2). Then we present a
gravity theory whih is invariant with respet to this deformed dieomorphisms [8,9℄.
3 Dieomorphisms
Gravity is a theory invariant with respet to dieomorphisms. However, to general-
ize the Einstein formalism to nonommutative spaes in order to establish a gravity
2
To be more preise the universal enveloping algebra of a Lie algebra an be deformed. The
universal enveloping algebra of any Lie algebra is a Hopf algebra and this gives rise to deformations
in the ategory of Hopf algebras.
3
It is alled q-deformation sine it is a deformation in terms of a parameter q.
5
theory, it is important to rst understand that dieomorphisms possess more math-
ematial struture than the algebrai one: They are naturally equipped with a Hopf
algebra struture. In the ommon formulations of physial theories this additional
Hopf struture is hidden and does not play a ruial role. It is our aim to deform the
algebra of dieomorphism in suh a way that it ats onsistently on a nonommuta-
tive spae. This an be done by exploiting the full Hopf struture. In this setion
we rst introdue the onept of dieomorphisms as Hopf algebra in the undeformed
setting.
Dieomorphisms are generated by vetor-elds ξ. Ating on funtions, vetor-
elds are represented as linear dierential operators ξ = ξµ∂µ. Vetor-elds form a
Lie algebra Ξ over the eld C with the Lie braket given by
[ξ, η] = ξ × η
where ξ × η is dened by its ation on funtions
(ξ × η)(f) = (ξµ(∂µη
ν)∂ν − η
µ(∂µξ
ν)∂ν)(f).
The Lie algebra of innitesimal dieomorphisms Ξ an be embedded into its universal
enveloping algebra whih we want to denote by U(Ξ) . The universal enveloping
algebra is an assoiative algebra and possesses a natural Hopf algebra struture. It
is given by the following struture maps
4
:
• An algebra homomorphism alled oprodut dened by
∆ : U(Ξ) → U(Ξ)⊗ U(Ξ)
Ξ ∋ ξ 7→ ∆(ξ) := ξ ⊗ 1 + 1⊗ ξ. (12)
• An algebra homomorphism alled ounit dened by
ε : U(Ξ) → C
Ξ ∋ ξ 7→ ε(ξ) = 0. (13)
• An anti-algebra homomorphism alled antipode dened by
S : U(Ξ) → U(Ξ)
Ξ ∋ ξ 7→ S(ξ) = −ξ. (14)
4
The struture maps are dened on the generators ξ ∈ Ξ and the universal property of the
universal enveloping algebra U(Ξ) assures that they an be uniquely extended as algebra homomor-
phisms (respetively anti-algebra homomorphism in ase of the antipode S) to the whole algebra
U(Ξ).
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For a preise denition and more details on Hopf algebras we refer the reader to
text books [1012℄. For our purposes it shall be suient to note that the oprodut
implements how the Hopf algebra ats on a produt in a representation algebra
(Leibniz-rule). Below we will make this more transparent. It is now possible to study
deformations of U(Ξ) in the ategory of Hopf algebras. This leads to a deformed
version of dieomorphisms - the fundamental building blok of our approah to a
gravity theory on nonommutative spaes. Before studying this in detail, let us
shortly review the Einstein formalism. This way we rst understand better the
meaning of the struture maps of a Hopf algebra introdued above.
Salar elds are dened by their transformation property with respet to innites-
imal oordinate transformations:
δξφ = −ξφ = −ξ
µ(∂µφ). (15)
The produt of two salar elds is transformed using the Leibniz-rule
δξ(φψ) = (δξφ)ψ + φ(δξψ) = −ξ
µ(∂µφψ) (16)
suh that the produt of two salar elds transforms again as a salar. The above
Leibniz-rule an be understood in mathematial terms as follows: The Hopf algebra
U(Ξ) is represented on the spae of salar elds by innitesimal oordinate trans-
formations δξ. On salar elds the ation of δξ is expliitly given by the dierential
operator −ξµ∂µ. Of ourse, the spae of salar elds is not only a vetor spae - it
possesses also an algebra struture - suh as U(Ξ) is not only an algebra but also a
Hopf algebra - it possesses in addition the o-struture maps dened above. We say
that a Hopf algebra H ats on an algebra A (or more preisely we say that A is a left
H-module algebra) if A is a module with respet to the algebra H and if in addition
for all h ∈ H and a, b ∈ A
h(ab) = µ ◦∆h(a⊗ b) (17)
h(1) = ε(h). (18)
Here µ is the multipliation map dened by µ(a⊗ b) = ab. In our onrete example
where H = U(Ξ) and A is the algebra of salar elds we indeed have that the algebra
of salar elds is a U(Ξ)−module algebra. This an be seen easily if we rewrite (16)
using (12) for the generators ξ ∈ Ξ for U(Ξ):
δξ(φψ) = (δξφ)ψ + φ(δξψ) = µ ◦∆ξ(φ⊗ ψ).
It is also evident that
δξ1 = 0 = ε(ξ)1.
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Now we are in the right mathematial framework: We study a Lie algebra (here
innitesimal dieomorphisms Ξ) and embed it in its universal enveloping algebra
(here U(Ξ)). This universal enveloping algebra is a Hopf algebra via a natural Hopf
struture indued by (12,13,14).
Physial quantities live in representations of this Hopf algebras. For instane, the
algebra of salar elds is a U(Ξ)-module algebra. The ation of U(Ξ) on salar elds
is given in terms of innitesimal oordinate transformations δξ.
Similarly one studies tensor representations of U(Ξ). For example vetor elds
are introdued by the transformation property
δξVα = −ξ
µ(∂µVα)− (∂αξ
µ)Vµ
δξV
α = −ξµ(∂µV
α) + (∂µξ
α)V µ.
The generalization to arbitrary tensor elds is straight forward:
δξT
µ1···µn
ν1···νn
= −ξµ(∂µT
µ1···µn
ν1···νn
) + (∂µξ
µ1)T µ···µnν1···νn + · · ·+ (∂µξ
µn)T µ1···µν1···νn
−(∂ν1ξ
ν)T µ1···µnν···νn − · · · − (∂νnξ
ν)T µ1···µnν1···ν .
As for salar elds, we also nd that the produt of two tensors transforms like a
tensor. Summarizing, we have seen that salar elds, vetor elds and tensor elds
are representations of the Hopf algebra U(Ξ), the universal enveloping algebra of in-
nitesimal dieomorphisms. The Hopf algebra U(Ξ) ats via innitesimal oordinate
transformations δξ whih are subjet to the relations:
[δξ, δη] = δξ×η ε(δξ) = 0
∆δξ = δξ ⊗ 1 + 1⊗ δξ S(δξ) = −δξ. (19)
The transformation operator δξ is expliitly given by dierential operators whih
depend on the representation under onsideration. In ase of salar elds this dier-
ential operator is given by −ξµ∂µ.
4 Deformed Dieomorphisms
The onepts introdued in the previous subsetion an be deformed in order to
establish a onsistent tensor alulus on the nonommutative spae-time algebra
(2). In this ontext it is neessary to aount the full Hopf algebra struture of the
universal enveloping algebra U(Ξ).
In our setting the algebra Aˆ possesses a nonommutative produt dened by
[xˆµ, xˆν ] = iθµν , (20)
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We want to deform the struture maps (19) of the Hopf algebra U(Ξ) in suh a way
that the resulting deformed Hopf algebra whih we denote by U(Ξˆ) onsistently ats
on Aˆ. In the language introdued in the previous setion this means that we want
Aˆ to be a U(Ξˆ)-module algebra. We laim that the following deformation of U(Ξ)
does the job. Let U(Ξˆ) be generated as algebra by elements δˆξ, ξ ∈ Ξ. We leave the
algebra relation undeformed and demand
[δˆξ, δˆη] = δˆξ×η (21)
but we deform the o-setor
∆δˆξ = e
−
i
2
hθρσ∂ˆρ⊗∂ˆσ(δˆξ ⊗ 1 + 1⊗ δˆξ)e
i
2
hθρσ∂ˆρ⊗∂ˆσ , (22)
where
[∂ˆρ, δˆξ] = δˆ(∂ρξ).
The deformed oprodut (22) redues to the undeformed one (19) in the limit θ → 0.
Antipode and ounit remain undeformed
S(δˆξ) = −δˆξ ε(δˆξ) = 0. (23)
We have to hek whether the above deformation is a good one in the sense that it
leads to a onsistent ation on Aˆ. First we need a dierential operator ating on
elds in Aˆ whih represents the algebra (21). Let us onsider the dierential operator
Xˆξ :=
∞∑
n=0
1
n!
(−
i
2
)nθρ1σ1 · · · θρnσn(∂ˆρ1 · · · ∂ˆρn ξˆ
µ)∂ˆµ∂ˆσ1 · · · ∂ˆσn . (24)
This is to be understood like that: A vetor-eld ξ = ξµ∂µ is determined by its
oeient funtions ξµ. In Setion 1 we saw that there is a vetorspae isomorphism
W from the spae of ommutative to the spae of nonommutative funtions whih is
given by the symmetri ordering presription. The image of a ommutative funtion
f under the isomorphism W is denoted by fˆ
W : f 7→ W (f) = fˆ .
In (24) ξˆµ is therefore to be interpreted as the image of ξµ with respet to W . Then
indeed we have
[Xˆξ, Xˆη] = Xˆξ×η. (25)
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To see this we use result (11) to rewrite (Xˆξφˆ) :
(Xˆξφˆ) =
∞∑
n=0
1
n!
(−
i
2
)nθρ1σ1 · · · θρnσn(∂ˆρ1 · · · ∂ˆρn ξˆ
µ)(∂ˆµ∂ˆσ1 · · · ∂ˆσn φˆ)
=
∞∑
n=0
1
n!
(−
i
2
)nθρ1σ1 · · · θρnσn(∂ˆρ1 · · · ∂ˆρn ξˆ
µ)(∂ˆσ1 · · · ∂ˆσn ∂̂µφ)
= ̂ξµ(∂µφ) = (̂ξφ). (26)
From (26) follows
(Xˆξ(Xˆηφˆ))− (Xˆη(Xˆξφˆ)) = ̂([ξ, η]φ) = (Xˆξ×ηφˆ),
whih amounts to (25) and this is what we wanted to show.
It is therefore reasonable to introdue salar elds φˆ ∈ Aˆ by the transformation
property
δˆξφˆ = −(Xˆξφˆ).
The next step is to work out the ation of the dierential operators Xˆξ on the produt
of two elds. A alulation [8℄ shows that
(Xˆξ(φˆψˆ)) = µ ◦ (e
−
i
2
hθρσ∂ˆρ⊗∂ˆσ(Xˆξ ⊗ 1 + 1⊗ Xˆξ)e
i
2
hθρσ∂ˆρ⊗∂ˆσ φˆ⊗ ψˆ).
This means that the dierential operators Xˆξ at via a deformed Leibniz rule on the
produt of two elds. Comparing with (22) we see that the deformed Leibniz rule
of the dierential operator Xˆξ is exatly the one indued by the deformed oprodut
(22):
δˆξ(φˆψˆ) = e
−
i
2
hθρσ∂ˆρ⊗∂ˆσ(δˆξ ⊗ 1 + 1⊗ δˆξ)e
i
2
hθρσ∂ˆρ⊗∂ˆσ(φˆψˆ) = −Xˆξ ⊲ (φˆψˆ).
Hene, the deformed Hopf algebra U(Ξˆ) is indeed represented on salar elds φˆ ∈ Aˆ
by the dierential operator Xˆξ. The salar elds form a U(Ξˆ)-module algebra.
In analogy to the previous setion we an introdue vetor and tensor elds
as representations of the Hopf algebra U(Ξˆ). The transformation property for an
arbitrary tensor reads
δˆξTˆ
µ1···µr
ν1···νs
= −(XˆξTˆ
µ1···µn
ν1···νn
) + (Xˆ(∂µξµ1 )Tˆ
µ···µn
ν1···νn
) + · · ·+ (Xˆ(∂µξµn)Tˆ
µ1···µ
ν1···νn
)
−(Xˆ(∂ν1 ξν)Tˆ
µ1···µn
ν···νn
)− · · · − (Xˆ(∂νnξν)Tˆ
µ1···µn
ν1···ν
).
Up to now we have seen the following:
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• Dieomorphisms are generated by vetor-elds ξ ∈ Ξ and the universal en-
veloping algebra U(Ξ) of the Lie algebra Ξ of vetor-elds possesses a natural
Hopf algebra struture dened by (19).
• The algebra of salar elds φ ∈ A is a U(Ξ)-module algebra.
• The universal enveloping algebra U(Ξ) an be deformed to a Hopf algebra U(Ξˆ)
dened in (21,22,23).
• U(Ξˆ) onsistently ats on the algebra of nonommutative funtions Aˆ, i.e. the
algebra of nonommutative funtions is a U(Ξˆ)-module algebra.
• Regarding U(Ξˆ) as the underlying symmetry of the gravity theory to be
built on the nonommutative spae Aˆ, we established a full tensor alulus as
representations of the Hopf algebra U(Ξˆ).
5 Nonommutative Geometry
The deformed algebra of innitesimal dieomorphisms and the tensor alulus o-
variant with respet to it is the fundamental building-blok for the denition of a
nonommutative geometry on θ−deformed spaes. In this setion we sketh the im-
portant steps towards a deformed Einstein-Hilbert ation [8℄. A rst ingredient is the
ovariant derivative Dˆµ. Algebraially, it an be dened by demanding that ating
on a vetor-eld it produes a tensor-eld
δˆξDˆµVˆν
!
= −(XˆξDˆµVˆν)− (Xˆ(∂µξα)DˆαVˆν)− (Xˆ(∂νξα)DˆµVˆα) (27)
The ovariant derivative is given by a onnetion Γˆµν
ρ
DˆµVˆν = ∂ˆµVˆν − Γˆµν
ρVˆρ.
From (27) it is possible to dedue the transformation property of Γˆµν
ρ
δˆξΓˆµν
ρ = (XˆξΓˆµν
ρ)− (Xˆ(∂µξα)Γˆαν
ρ)− (Xˆ(∂νξα)Γˆµα
ρ) + (Xˆ(∂αξρ)Γˆµν
α)− (∂ˆµ∂ˆν ξˆ
ρ).
The metri Gˆµν is dened as a symmetri tensor of rank two. It an be obtained for
example by a set of vetor-elds Eˆµ
a, a = 0, . . . , 3, where a is to be understood as a
mere label. These vetor-elds are alled vierbeins. Then the symmetrized produt
of those vetor-elds is indeed a symmetri tensor of rank two
Gˆµν :=
1
2
(Eˆµ
aEˆν
b + Eˆν
bEˆµ
a)ηab.
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Here ηab stands for the usual at Minkowski spae metri with signature (−+++).
Let us assume that we an hoose the vierbeins Eˆµ
a
suh that they redue in the
ommutative limit to the usual vierbeins eµ
a
. Then also the metri Gˆµν redues to
the usual, undeformed metri gµν .
The inverse metri tensor we denote by upper indies
GˆµνGˆ
νρ = δρµ.
We use Gˆµν respetively Gˆ
µν
to raise and lower indies.
The urvature and torsion tensors are obtained by taking the ommutator of two
ovariant derivatives
5
[Dˆµ, Dˆν ]Vˆρ = Rˆµνρ
αVˆα + Tˆµν
αDˆαVˆρ
whih leads to the expressions
Rˆµνρ
σ = ∂ˆν Γˆµρ
σ − ∂ˆµΓˆνρ
σ + Γˆνρ
βΓˆµβ
σ − Γˆµρ
βΓˆνβ
σ
Tˆµν
α = Γˆνµ
α − Γˆνµ
α.
If we assume the torsion-free ase, i.e.
Γˆµν
σ = Γˆνµ
σ,
we nd an unique expression for the metri onnetion (Christoel symbol) dened
by
DˆαGˆβγ
!
= 0
in terms of the metri and its inverse
6
Γˆαβ
σ =
1
2
(∂ˆαGˆβγ + ∂ˆβGˆαγ − ∂ˆγGˆαβ)Gˆ
γσ.
From the urvature tensor Rˆµνρ
σ
we get the urvature salar by ontrating the
indies
Rˆ := GˆµνRˆνµρ
ρ.
Rˆ indeed transforms as a salar whih may be heked expliitly by taking the de-
formed oprodut (22) into aount.
5
The generalization of ovariant derivatives ating on tensors is straight forward [8℄.
6
We don't introdue a new symbol for the metri onnetion.
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To obtain an integral whih is invariant with respet to the Hopf algebra of
deformed innitesimal dieomorphisms we need a measure funtion Eˆ. We demand
the transformation property
δˆξEˆ = −XˆξEˆ − Xˆ(∂µξµ)Eˆ. (28)
Then it follows with the deformed oprodut (22) that for any salar eld Sˆ
δˆξEˆSˆ = −∂ˆµ(Xˆξµ(EˆSˆ)).
Hene, transforming the produt of an arbitrary salar eld with a measure funtion
Eˆ we obtain a total derivative whih vanishes under the integral. A suitable measure
funtion with the desired transformation property (28) is for instane given by the
determinant of the vierbein Eˆµ
a
Eˆ = det(Eˆµ
a) :=
1
4!
εµ1···µ4εa1···a4Eˆµ1
a1Eˆµ2
a2Eˆµ3
a3Eˆµ4
a4 .
That Eˆ transforms orretly an be shown by using that the produt of four Eˆµi
ai
transforms as a tensor of fourth rank and some ombinatoris.
Now we have all ingredients to write down an Einstein-Hilbert ation. Note that
having hosen a dierential alulus as in (6), the integral is uniquely determined up
to a normalization fator by requiring
7
[13℄∫
∂ˆµfˆ = 0
for all fˆ ∈ Aˆ. Then we dene the Einstein-Hilbert ation on Aˆ as
SˆEH :=
∫
det(Eˆµ
a)Rˆ + complex conj..
It is by onstrution invariant with respet to deformed dieomorphisms meaning
that
δˆξSˆEH = 0.
In this setion we have presented the fundamentals of a nonommutative geometry
on the algebra Aˆ and dened an invariant Einstein-Hilbert ation. There is however
one important step missing whih is subjet of the following setion: We want to
make ontat of the nonommutative gravity theory with Einstein's gravity theory.
This we ahieve by introduing the ⋆-produt formalism.
7
We onsider funtions that vanish at innity.
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6 Star Produts and Expanded Einstein-Hilbert A-
tion
To express the nonommutative elds in terms of their ommutative ounterparts
we rst observe that we an map the whole algebrai onstrution of the previous
setions to the algebra of ommutative funtions via the vetor spae isomorphism
W introdued in Setion 1. By equipping the algebra of ommutative funtions with
a new produt denoted by ⋆ be an render W an algebra isomorphism. We dene
f ⋆ g := W−1(W (f)W (g)) = W−1(fˆ gˆ) (29)
and obtain
(A, ⋆) ∼= Aˆ.
The ⋆-produt orresponding to the symmetri ordering presriptionW is then given
expliitly by the Moyal-Weyl produt
8
f ⋆ g = µ ◦ e
i
2
θµν∂µ⊗∂νf ⊗ g = fg +
i
2
θµν(∂µf)(∂νg) +O(θ
2).
It is a deformation of the ommutative point-wise produt to whih it redues in the
limit θ → 0.
In virtue of the isomorphism W we an map all nonommutative elds to om-
mutative funtions in A
Fˆ 7→ W−1(Fˆ ) ≡ F.
We then expand the image F in orders of the deformation parameter θ
F = F (0) + F (1) + F (2) +O(θ3),
where the zeroth order always orresponds to the undeformed quantity. Produts of
funtions in Aˆ are simply mapped to ⋆-produts of the orresponding funtions in
A. The same an be done for the ation of the derivative ∂ˆµ and onsequently for
an arbitrary dierential operator ating on Aˆ [8℄.
The fundamental dynamial eld of our gravity theory is the vierbein eld Eˆµ
a
.
All other quantities suh as metri, onnetion and urvature an be expressed in
terms of it. Its image with respet to W−1 is denoted by Eµ
a
. In rst approximation
we study the ase
Eµ
a = eµ
a,
8
This is an immediate onsequene of (10).
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where eµ
a
is the usual vierbein eld. Then for instane the metri is given up to
seond order in θ by
Gµν =
1
2
(Eµ
a ⋆ Eν
b + Eν
b ⋆ Eµ
a)ηab =
1
2
(eµ
a ⋆ eν
b + eν
b ⋆ eµ
a)ηab
= gµν −
1
8
θα1β1θα2β2(∂α1∂α2eµ
a)(∂β1∂β2eν
b)ηab + . . . ,
where gµν is the usual, undeformed metri. For the Christoel symbol one nds up
to seond order: The zeroths order is the undeformed expression
Γ(0)ρµν =
1
2
(∂µgνγ + ∂νgµγ − ∂γgµν)g
γρ, (30)
the rst order reads
Γ(1)µν
ρ =
i
2
θαβ(∂αΓ
(0)σ
µν )gστ (∂βg
τρ) (31)
and the seond order
Γ(2)µν
ρ = = −
1
8
θα1β1θα2β2
(
(∂α1∂α2Γ
(0)
µνσ)(∂β1∂β2g
σρ)− 2(∂α1Γ
(0)
µνσ)∂β1((∂α2g
στ )(∂β2gτξ)g
ξρ)
− Γ(0)µνσ
(
(∂α1∂α2g
στ )(∂β1∂β2gτξ) + g
στ (∂α1∂α2eτ
a)(∂β1∂β2eξ
b)ηab
− 2∂α1((∂α2g
στ )(∂β2gτλ)g
λκ)(∂β1gκξ)
)
gξρ +
1
2
(
∂µ((∂α1∂α2e
a
ν )(∂β1∂β2e
b
σ ))
+ ∂ν((∂α1∂α2e
a
σ )(∂β1∂β2e
b
µ ))− ∂σ((∂α1∂α2e
a
µ )(∂β1∂β2e
b
ν ))
)
ηabg
σρ
)
, (32)
where
Γ(0)µνσ = Γ
(0)ρ
µν gρσ. (33)
The expressions for the urvature tensor read
R(1)µνρ
σ = −
i
2
θκλ
(
(∂κR
(0)
µνρ
τ )(∂λgτγ)g
γσ − (∂κΓ
(0)
νρ
β)
(
Γ
(0)
µβ
τ (∂λgτγ)g
γσ
−Γ(0)µτ
σ(∂λgβγ)g
γτ + ∂µ((∂λgβγ)g
γσ) + (∂λΓ
(0)
µβ
σ)
)
+(∂κΓ
(0)
µρ
β)
(
Γ
(0)
νβ
τ (∂λgτγ)g
γσ − Γ(0)ντ
σ(∂λgβγ)g
γτ
+∂ν((∂λgβγ)g
γσ) + (∂λΓ
(0)
νβ
σ)
))
(34)
R(2)µνρ
σ = ∂νΓ
(2)
µρ
σ + Γ(2)νρ
γΓ(0)µγ
σ + Γ(0)νρ
γΓ(2)µγ
σ
+
i
2
θαβ
(
(∂αΓ
(1)
νρ
γ)(∂βΓ
(0)
µγ
σ) + (∂αΓ
(0)
νρ
γ)(∂βΓ
(1)
µγ
σ)
)
−
1
8
θα1β1θα2β2(∂α1∂α2Γ
(0)
νρ
γ)(∂β1∂β2Γ
(0)
µγ
σ) − (µ↔ ν), (35)
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where the seond order is given impliitly in terms of the Christoel symbol.
The deformed Einstein-Hilbert ation is given by
SEH =
1
2
∫
d4x det⋆eµ
a ⋆ R + c.c.
=
1
2
∫
d4x det⋆eµ
a ⋆ (R + R¯)
=
1
2
∫
d4x det⋆eµ
a(R + R¯)
= S
(0)
EH +
∫
d4x (deteµ
a)R(2) + (det⋆eµ
a)(2)R(0), (36)
where we used that the integral together with the Moyal-Weyl produt has the prop-
erty
9 ∫
d4x f ⋆ g =
∫
d4x fg =
∫
d4x g ⋆ f.
In (36) det⋆eµ
a
is the ⋆-determinant
det⋆eµ
a =
1
4!
εµ1···µ4εa1···a4eµ1
a1 ⋆ eµ2
a2 ⋆ eµ3
a3 ⋆ eµ4
a4
= deteµ
a + (det⋆eµ
a)(2) + . . . ,
where
(det⋆)
(2) = −
1
8
1
4!
θα1β1θα2β2εµ1...µ4εa1...a4(
(∂α1∂α2eµ1
a1)(∂β1∂β2eµ2
a2)eµ3
a3eµ4
a4
+ ∂α1∂α2(eµ1
a1eµ2
a2)(∂β1∂β2eµ3
a3)eµ4
a4
+ ∂α1∂α2(eµ1
a1eµ2
a2eµ3
a3)(∂β1∂β2eµ4
a4)
)
. (37)
The odd orders of θ vanish in (36) but the even orders of θ give nontrivial ontribu-
tions.
Equation (36) shows expliitly the orretions to Einsteins gravity predited by
the nonommutative theory.
9
This follows by partial integration.
16
Remarks
For an introdution to eld theories on nonommutative spaes, we reommend the
review artiles [13, 14℄. To learn more about related approahes to nonommutative
geometry the reader is referred to [15, 16℄. More about Hopf algebras and Quantum
Groups an be found in [1012℄. A good pedagogial introdution to ⋆-produts an
be found in [17℄. The onstrution of a gravity theory presented in this leture is
based on [8, 9℄.
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